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The purpose of this thesis is to determine the critical points and values of the 
gamma function. The gamma function T(x) is defined so that 
GO 
(l) r(*) = jVW/, x > o. 
o 
The definition of T(x) whenx < Owill be discussed in chapter 2. If the point c is in the 
domain of a differentiable function/ then c is a critical point off provided that f'(c) = 0. 
The critical values of a function are the values of the function at the critical points. 
The early history of our problem has been discussed by Fletcher et al. [6, p.295]. 
The first two negative critical points were reported by Brunei [4], who attributed them to 
Bourguet [3], The first four negative critical points and the corresponding critical values of 
T(x) were given by Hayashi [9]. Ginzel [8] listed the next five negative critical points. 
More recently, Abramowitz and Stegun [1, p. 259] have quoted the first seven negative 
critical points and critical values of T(x) from a book by Sibagaki [10], 
In this thesis we will tabulate the first forty negative critical points and the 
corresponding critical values of T(x) to ten significant figures. In chapter 2 we will record 
some of the properties of the gamma function and its logarithmic derivative, the psi 
function that will be useful in later chapters. In chapter 3 we will examine the existence of 
1 
the critical points of the gamma function. In chapter 4 we will discuss analytically the 
critical points of the gamma function, and in chapter 5 we will calculate the critical points 
and the corresponding critical values of the gamma function with the use of MAPLEV, a 
computer algebra software. 
2 
CHAPTER 2 
USEFUL PROPERTIES OF THE GAMMA AND PSI FUNCTIONS 
Certain properties of the gamma function and the psi function will help us 
find the critical points. It follows from the definition of the psi function that the critical 
points of the gamma function are the zeros of the psi function. As a result the properties 
of the psi function will be useful in finding the critical points. 
The gamma function has exactly one positive critical point, namely 
x0 = 1.461632144968362 ; the corresponding critical value is r(x0) = 0.885603194410889 
[1, p. 259]. (Although W.Sibagaki [10] reported the positive critical point and 
corresponding critical value, Andrews [2, p. 55] asserted that the first person who 
computed x0 = L4616-•• and the corresponding critical value was Gauss [7].) In 
addition, there are infinitely many negative critical points and no nonreal critical points. A 
proof of these assertions will be made in chapter 3. 
The integral (1) that was introduced in chapter 1 converges if x > 0, and converges 
uniformly when a < x <b if 0 < a <6 < +QO, but is not defined when x < 0. The gamma 
function satisfies the recurrence formula [2, p. 52], 
(2) r(*+i)=*r(4 
The recurrence formula can be used to define T(x) for all nonpositive values of x except 
the nonpositive integers. When n is a nonnegative integer, the result that 
3 
(3) r(» + l)= n\ 
is derived by mathematical induction from the recurrence formula and the equation, r(l) = 1. 
The gamma function also satisfies the duplication formula [2, p. 58], 
(4) 2niriT{2x) = 22x T(x)r(x + £), 
and the reflection formula [2, p. 60], 
(5) r(x)r(i-x) = æCSC^-X, 
for all values of x for which all of the indicated gamma functions are defined. In addition, 
it is known [2, p. 58] that 
(«) r(i)=*vl, 
and that In T(x) has the asymptotic expansion [2, p. 80] or [1, p. 257], 
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as x> +oo. 
The psi or digamma function T(x) is defined so that [2, p. 74] 
(8) *(*)=£{tor(*)} = îM 
The psi function clearly has the same domain of definition as the gamma function. 
Furthermore, the psi function satisfies certain properties that are analogous to the 
properties of the gamma function. By taking the logarithmic derivative of the recurrence 
formula (2), we find that [2, p. 76] 
(9) vF(x+1) = 1/x + 'F(x). 
Similarly, from the duplication formula (4) and reflection formula (5), we find that [2, p. 76] 
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Similarly, from the duplication formula (4) and reflection formula (5), we find that [2, p. 76] 
(10) T'(x)+T'(x+±) + 21n2 = 2T'(2x), 
(11) ¥(1-x)-'i'(x) = n cot nx . 
The digamma fimction has the asymptotic expansion [1, p. 254], 
(12) 'F(x)«lnx— ^-j- + 
1 1 
+ r + ■ 
2x 12x* 120x4 256x6 240x8 
as x-> + co. Moreover, 'F(l) - -y, in which y is Euler’s constant [1, p. 3] 
0.577215664901533. It is now a consequence of equation (10), in which x = 1/2, that [1, 
p. 258] 
(13) 
Furthermore, if « is a positive integer and x > 0, then 
(14) vF(n)(x) = (-l)n+1 J“(l - (‘Ve’1' dt 
[1, p. 260]. It follows that vF'(x)>0 when x>0. Because 'F(l) = -0.577216 and 
'E(f) = 2 + 'E(y) = 0.036490, we see that there is a unique positive zero xQ of T(x), and 
that 1 < x0 < L5. The vduc of x0, correct to sixteen significant figures, was furnished in 
the second paragraph of this chapter. With the help of (9) and mathematical induction, we 
can clearly see that T"(x)>0 for all real x except nonpositive integers. 
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CHAPTER 3 
EXISTENCE OF THE CRITICAL POINTS 
Because the integrals on the right hand sides of equation (15) and (16) below 
converge uniformly on an interval {a, b) if 0 < a < b < co, we can differentiate integrals 
(1) and (15) under the integral sign to see that [2, p. 54] 
CD 
(15) T'(x) = Je~‘tx'1 kit dt, x > 0, 
o 
(16) T"(x) = J , x > 0. 
o 
The integrand in equation (16) is positive over the entire interval of integration; 
henceT"(x)> Owhenx > 0. Because r(l)=T(2)=l, it then follows that the absolute 
minimum of T(x) whenx > 0 occurs on the interval (l, 2). This critical value and the 
corresponding critical point were listed in chapter 2, and are unique because T "(x) > 0 
when x > 0. 
We will next show that, if x-»-n (« = 0,1, 2, •■•) then |r(x)|-» <», or 





= 0, n = 0,1, 2, • • ■. 
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If we use the recurrence formula (2), we see that [2, p. 56] 
(18) 
. . r(x+i) 
limf(x)= lim v ' = -OO , 
x->0 *-*»' X 
If we replace x with x +1 in the recurrence formula, we find that [2, p. 56] 
(19) 
. . r(x+2 
Um T(x)= hm    
- w x(x + l) 
= - CO. 
x->-l x->-l 




r(x + 2) 
x(x + 1) 
= +00 . 
Continued repetition of this process shows that 
(21) lim r(x)= -lim r(x) = (-l)”co . 
x—>-n* x—*-n~ 
It now follows from Rolle’s Theorem [5, p. 161] that there is a critical point x„ on each 
interval (-«,-«+1) (« = 1,2, •••), and so there are infinitely many negative critical 
points. We also notice that all the critical points of the gamma function are real, 
that is, the zeros of the psi function are real. We can show this by using the Weierstrass 
infinite product for the gamma function [1, p.236], 
(22) j£j*~'-n{(i+i)**'} 
By taking the logarithmic derivative of the Weierstrass infinite product (22), we find that 




Suppose z is a zero of the digamma function. Then 
’FW=---y+Z-r^r = °. 
^ «(*+«) 
If z is the complex conjugate of z, then 
z “n(z + «) 
= T(z)=0. 
If we subtract these equations, we find that 
0='P(z)~'F(z) = (z-z)2]rJT. 
rr=0 |Z + «| 
Because the indicated sum is always positive, we see that z = z. Therefore, z is a real 




We can use the psi function to find the critical points x„ of the gamma function. 
From the reflection formula (11), we see that 
T(-v* ) - ¥(1 - ) = - * cot xx„, 
T(l-x„)= ;rcot nxn, 
(24) tan nxn - 
If « is a positive integer and x-►-«*, thenT^l-x)-KQOX TZX -» -QO<0. If « is a 
positive integer and x-»-« + |, then 'F(l-x)- Trcot KX -* T(y+n)-0>0 (because 
3/2 > x0 « L46 ). We note that'F(l-x)-;rcot;rxis continuous on (-«,-« + 1/2). 
Moreover, it follows by differentiation of equation (10) that -T"(l-x) + n1 esc2 TZX 
= 'P'(x), and we showed at the end of chapter 2 thatT'(x) > 0. Therefore, there exists a 
unique x„ such that -« < xn < -« + 1/2, 
lL(xri ) = 0. If we define en so that xn = -« + en, 








£)- - tan"1-' 
K I ¥(» +1 — £■)] 
It is clear that 0 < Fn[s] < 1/2 when 0 < e < 1/2. 
We next define a sequence e so that e0n = 1/2 and £pHn = 
Lenuna 1. For each positive integer n, the sequence £pn is strictly decreasing to a 
limits„ such that e„ = FÂe\. n n n\ n/ 
We need to show that 
(27) SpH,n < £pn 
for all p such that p> 0. We first observe that 
n 1 
< —. 
n ^XF(H+-J)J 2 
Therefore, the inequality (27) is true when p- 0. If expression (27) is true at p, then the 
Mean Value Theorem [5, p. 162] shows that 
£p*l,n ~ £p+l,n ~ 
= (£pn ~ £p+Un)F;(£pn) 
for some spn between spn and ep+l n. Then £pH/l - £p+2,„ > 0 because the inequality (27) 
is true at p and 
(28) *■.«= 
Vln + l-e) 
   -— > 0 
T2(«+l-^)+^2 
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(We showed in chapter 2 that T"(x)> 0 when x > 0.) This completes the induction and 
shows that the sequence e is strictly decreasing. 
We will next show that epn > 0 for all p. This is surely true when p = 0. If it is 
true at p, then £p+l„ = Fn{spn\> F„(0)> 0. ITie bounded decreasing sequence epn 
must converge to a limit, say en, and 0<£n <1/2. Finally we will let p->oo in 
s
P*i/t 
= F*(ePn)• Therefore, en - Fn(sn) because Fn(e) is continuous. This completes 
the proof of Lemma 1. 
Our next result provides an estimate of the rapidity with which £pn converges to en . 
Lemma 2. //>„ = maxF;(f), thenO < epn -en< (\)/u
p
n. 
The Mean Value Theorem, and the definitions above, imply that 
Cpn^-Cn = Fn(£pn)- Fn(sn) 
= (epn~^)F„U) 
for some TJ such that e n < T] < . Therefore, 
^p+l/i ~ ^ n — pn ~~ ^ n ^Fn ■ 
By induction on p, £^u-£n < (£0n - £n)p
pn. The Lemma now follows from this 
inequality, because £„ >0 and eQn = 1/2. 
Lemma 3. The second derivative, F^'{e), is positive when 0 < e < 1/2. 
In order to prove Lemma 3, it is sufficient to observe that 
11 
Pis) = , 2'rl(n+l-£)'¥(n+l-e) 
f2(n+ i-e)+z2 (>r2(n + l-£)+*2}! 
and to see from equation (14) that ¥"(« +1- e) < 0. The next results are three corollaries 
of Lemma 3. 
Corollaiy 1. Mm= . 
Corollary 2. fjn is a decreasing function of n. 
Corollary 3. fin < « 0.0947024890 when n> 1. 
Lemma 4. The sequence en is decreasing to the limit 0. 
In order to prove Lemma 4, we first need to show that en is decreasing. We use 
the Mean Value Theorem and equation (26) to see that 
£n+ 1 ~ £n ~ ^n+l(^n+l)— ^n{fn) 
= (f„„-1- ï„)F„'(f„), 
in which en lies between enn - 1 and sn. In particular, -1 < s„ < \. By virtue of 
equation (28) and Lemma 3 and its Corollaries, it follows that 0 <P;(*„)<FM 
- fin< /al< 1. Therefore, 
so that snn < en, as desired, 
from equations (25) and (26): 
£n+1 £n — 
1 
<0, 
Now we need to show that e„ approaches zero. We start 
12 
en = Fn(s ) = —tan N—T—— r 
" "V n) n 1 ¥(» + !-*,,) 
Because £„<j and 'F'(x)>0, we see that ¥(« +1- en) > + y). Hence 
TC TV 
< — -r • Moreover, tan"1 v is a positive, strictly increasing function of 
T(n+l-fJ Y(/i + i) 
v such that tan 1 v < v when v > 0. It follows that 
(29) 0 < e - — tan ■-—— -1<— tan1]—T~~T\ r < —T~—T\ 
Therefore, the sequence £n approaches the limit 0, because equation (12) implies that 




In this chapter, we will tabulate the first forty negative critical points and the 
corresponding critical values of T(x). The computation of these critical points and values 
is carried out with the help of the computer programming language MAPLEV. Both the 
gamma and the digamma functions are built into MAPLEV. 
We have already described in chapter 4 the sequence £pn that converges to £n . 
From that information, we constructed a program to find spn for p- 1,2,•••,20 and 
n - 1,2, • • •, 10. This program is listed as table 1. ( The constraints imposed by MAPLEV 
required some changes is notation. A list showing the relations between the program 
notation and the notation used in the body of this thesis is also furnished in table 1.) An 
examination of the output showed that epn had essentially converged to en when p 
reached 20. The program then found the critical values of the gamma function using the 
critical points determined by en. As expected, the convergence of the sequence epn to en 
improved as n increased. Accordingly we modified the program to run only from p = 1 to 
7 when n assume the values 10 through 40. In this manner we computed the first forty 
negative critical points and the corresponding critical values of the gamma function. The 
results are listed to ten significant figures in table 2. 
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In addition to the empirical evidence of convergence contained in the program output, we 
can determine the accuracy of the critical points with the help of Lemma 2. We know 
(Corollary 3) that /JX = 0.0947024890 and we find from Corollary 1 that 
Y'(10.5) 
/i10 = iy2^Q5j~~2 - 0-006584999829. Therefore, = (-21)3.366881787 and /q0 
(16)5.368962568. Lemma 2 then guarantees that the truncation error, caused by 
terminating the sequence e when p - 20 (n = 1, • • •, 10) and when p = 7 (n = 10,11, • • 
40) will affect at most the fifteenth decimal place. 
Of course the calculations are inevitably affected by round off error. We have 
attempted to guard against such errors by deliberately reporting our results to ten significant 






> for N from 1 to 10 do 
> print(N); 




















THE CRITICAL POINTS AND THE CORRESPONDING CRITICAL VALUES 
n xn r(xn) 
1 -0.5040820082 -3.544643611 
2 -1.573498473 2.302407258 
2 -2.610720868 (-1) -8.88136358 
4 -3.635293366 (-1) 2.451275398 
5 -4.653237762 (-2) -5.277963959 
6 -5.667162442 (-3) 9.324594483 
7 -6.678418213 (-3) -1.397396609 
8 -7.687788325 (-4) 1.818784449 
9 -8.695764164 (-5) -2.092529045 
10 -9.702672540 (-6) 2.157416105 
11 -10.70874084 (-7) -2.015199119 
12 -11.71413306 (-8) 1.720708579 
13 -12.71897103 (-9) -1.353124018 
17 
14 -13.72334746 (-11) 9.861580562 
15 -14.72733442 (-12) -6.697010089 
16 -15.73098891 (-13) 4.257701438 
17 -16.73435672 (-14) -2.544542706 
18 -17.73747516 (-15) 1.434683179 
19 -18.74037494 (-17) -7.656164134 
20 -19.74308167 (-18) 3.878162327 
21 -20.74561686 (-19) -1.869502707 
22 -21.74799877 (-21) 8.596675287 
23 -22.75024298 (-22) -3.778903954 
24 -23.75236294 (-23) 1.591030007 
25 -24.75437026 (-25) -6.427529205 
26 -25.75627508 (-26) 2.495611797 
27 -26.75808629 (-28) -9.326885583 
28 -27.75981170 (-29) 3.359956109 
18 
29 -28.76145823 (-30) -1.168248175 
30 -29.76303203 (-32) 3.925268790 
31 -30.76453859 (-33) -1.275938115 
32 -31.76598281 (-35) 4.016771902 
33 -32.76736912 (-36) -1.225870994 
34 -33.76870149 (-38) 3.630270297 
35 -34.76998353 (-39) -1.044100904 
36 -35.77121850 (-41) 2.918879884 
37 -36.77240937 (-43) -7.937818408 
38 -37.77355886 (-44) 2.101453836 
39 -38.77466944 (-46) -5.419733864 
40 -39.77574338 (-47) 1.362590985 
19 
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